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An approx imate  solution is given for  one of the in tegra l  equations of t r a n s p o r t  theory ,  
using the Pade method.  

To de te rmine  the probabi l i ty  for  sca t t e r ing  of pa r t i c l e s  in a spher ica l ly  s y m m e t r i c  potential  g. V(r) we 
have the in tegra l  equation [1] 

f g'Y(P' P")'t(P"' P" k2) dp", (1) 
t (p, p', k 2) = gV (p, p') + .  k 2 - -  (p")~ + ie 

where 

e.V(p, p ' )=  1 ~exp[--i(p--p')rl .g.l /(r)dr.  
(2n) 3 

f~2 

(2) 

Here  the fac tor  g in front  of the potent ial  function is a numer i ca l  p a r a m e t e r  g -< 1 de termining the force  of 
in terac t ion  of the par t i c le  with the field. 

It is known that  fo r  all  r ea l  p and p '  the function t(p, p ' ,  k 2) can be expanded in Legendre polynomials  

where 

t(p, p', k 2) = ~4~t 
1=0 

(2l - -  1)'tl (p, p',  k 2) "Pz (cos ~), (3) 

pt 
cos(~)=(n ,  nl); n= -~P ;  n 1 = - .  

p p' 

Since the function V(p, p,) can also be expanded in Legendre  polynomials ,  then the function t l (p ,p ' ,  k 2) 
is  a par t i a l  ampli tude and sa t i s f i es  the equation 

t l ( p ,p , , k~ )=g .V l (p ,p , )+3  ( ,, �9 ,, , ~ .2 g.V~(p, p )'h!P , P, k )(p ) ,. ~ f f _ - - - ~ _  ~ dp". (4) 

0 

where p, p' ,  and k 2 a r e  posi t ive r ea l  quanti t ies;  

g'Vz (P' P') = i ]l (P .r).g.V {r)"Jl (P' .r) f'-dr, (5) 
0 

Jl (Y) = ~ J l  + 1/2 (Y) a re  sphe r i ca l  Besse l  functions; J l  + l h ( y ) a r e  cyl indr ical  Besse l  functions; and g .V(r)  
is some rea l  function. 

The i te ra t ion  s e r i e s  in Eq. (4) has a definite physica l  meaning,  and i ts  t e r m s  a re  contributions of n-fold 
(n = 1 , 2 , 3  . . . .  ) s ca t t e r ing  of an incident pa r t i c le  at the given potential .  T h e r e f o r e ,  to solve a number  of s ca t -  
te r ing  p rob l ems  it is in teres t ing  to find the pa r t i a l  probabi l i ty  ampli tude t l  (P ,P ' ,k  2) using Eq. (4) and the method 
of succes s ive  approximat ions .  However ,  the i t e ra t ive  s e r i e s  of Eq. (4) converges  slowly for  posi t ive r ea l  
values  k 2. 
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We can  a c c e l e r a t e  the c o n v e r g e n c e  of  the  s e r i e s  of  s u c c e s s i v e  app rox ima t ions  in so lv ing  Eq.  (4) by 
mak ing  the a s s u m p t i o n  that  the in t e rac t ion  potent ia l  V l (p, p ' )  is  a funct ion of  the p a r a m e t e r  g: 

Vz(p, p') = g.V~ (p, p'). (6) 

In this  ca se  the funct ion t l  (P, P ' ,  k 2) b e c o m e s  independen tof  the p a r a m e t e r  g and we can  r e p r e s e n t  the i t e r a -  
t ion s e r i e s  of  Eq.  (4) in the f o r m  

0 

+ g~ ~ (k ~ -  (p"Y + iO.(k s - -  (p"P + ie) +""  
0 0 

(7) 

Since the s e r i e s  (7) c o n v e r g e s  s lowly  f o r  g = 1 and l a rge  k 2, i t  is  expedient  in p r a c t i c e  to ad jus t  the Pade  
me thod  to a d i f fe ren t  r ap id ly  conve rgen t  s e r i e s .  The e s s e n c e  of  the Pade  method  is  tha t  the d e s i r e d  funct ion 
t l (P ,  p ' , k2 ;  g) is  r e p r e s e n t e d  a s  a r a t i o  of  two po lynomia l s  of  d e g r e e s  n and m:  

P~ (g) (8) t~ (p, p', ks; g ) = -  + 0 (g~+-,+'). 
O,, (g) 

It was shown in [2] tha t  to so lve  an equat ion of  F r e d h o l m  type we can obtain a be t t e r  approx ima t ion  fo r  
the d e s i r e d  funct ion by us ing the d iagonal  Pade  approx ima t ion  

~ a=g ~ 

tt (p, p , ,  k~; g)  = ~=o : 0 (g~-"+') 

2 b~g~ 
f~=O 

and se t t ing  b 0 = 1. 

n 

Xbe~g~ c o n v e r g e  in the  c i r c l e  of  the s a m e  rad ius  p; then we have the  re la t ion  
[~--0 

The funct ion t 1 (p, p ' ,  k2; g) is ana ly t ic  in g in a c i r c l e  of r ad ius  I p I ~ 1. Let  the s e r i e s  

(9) 

2 a~g ~ 

~ o  -- c 1 + g.c 2 + g~.c~ + ... (10) 

~ b~g~ 

to an a c c u r a c y  including t e r m s  of  o r d e r  O(gm+l).  Here  the r igh t  s ide is a symbol i c  r e p r e s e n t a t i o n  of  the 
i t e ra t ion  s e r i e s  (7). F r o m  Eq.  (10), by equat ing coef f ic ien ts  fo r  the s a m e  powers  of g on the r ight  and left  
s i de s ,  we can  obtain a s y s t e m  of a l g e b r a i c  equat ions  to  d e t e r m i n e  the coef f ic ien t s  a~  and bfl in Eq.  (9): 

a o == b o . c 1 ,  

a 1 --. bl.c 1 -~ bo.c.,, 

a., = b s �9 Q + bl. c.z + b0" c~, (11) 

a~ = b~.Q + b.,.Cs + b 1 .c~ + bo. Q. 

C l e a r l y ,  any app rox ima t ion  in Eq.  (9) is an n - t e r m  f rac t ion .  It is  known f r o m  the t h e o r y  of infinite cont inued 
f r ac t ions  tha t  odd values  o f  n g i v e b e t t e r  app rox ima t ions  [3]. It fol lows f r o m  Eq.  (11) that  we can find an ex-  
p r e s s i o n  f o r  t l (p, p ' ,  k2; g) in the l i nea r  and cubic  P a d e  app rox ima t ions  of  the f o r m  [4] 

t} in (p, p', k"; g) : cl ~- g'(C2--C1"C3/C2) , (12) " 
1 - -  g (qlCs) 

t?ub(p, p,, le~; g) = =  c,-~.-g(c~. D 1 .c 1/D)--kg 2. (c.~ +D~. q /D + D.,. Q/D)-- ga. (c,+D~. c3/D+D2" cJD+Da" c~/D) 

(t & g. D~/D + g~. 92/0  + g3.DjD) 
, (13) 
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Fig .  1. Rea l  p a r t  of the so lu t ion  of the i n t e g r a l  equat ion  for  the 
ca se  of a Woods- -Saxon po ten t ia l  a (V 0 = 0.36 m -2, r 0 = 2 . 4 6 m ,  a = 
0.2 m ,  k 2 = 0.1 m -2) and a G a u s s p o t e n t i a l b  (V 0 = 1.9 m -2,  r 0 = 1.1 
m,  a = 0.2 m ,  k z = 0 . 1 a n d  4 m-2) ,  d e t e r m i n e d  by the method  of s u c -  
c e s s i v e  a p p r o x i m a t i o n s :  c u r v e  1) l i n e a r  app rox ima t ion ;  2) four th -  
and h i g h e r - o r d e r  a p p r o x i m a t i o n s ;  3) l i n e a r  a p p r o x i m a t i o n ;  4) 
cubic  app rox ima t ion  and an a pp r ox i ma t i on  d e t e r m i n e d  by the 
method  d e s c r i b e d  in  this  p a p e r .  

whe r e 

D =  

D 2 

C 4 C3 Ce i i - - C  5 C 3 C2 
: i c 5 Q c 3 ~, D1 ! - - c  a c a c z ; 

C 6 C~ C 4 I ' i --C7 C5 C4 ! 

C a - - C  5 C~ : ! Cr C 3 - - C ~  i 
[ 

c 0 - - Q  cz ; D 3 : !  c~ ca - - Q  i" 
C 6 - - C  7 C 4 C 6 0 5 - - C ?  [ 

In th i s  work we obta ined  the  funct ion  t l (p, p ' ,  k~; g) for  the fol lowing speci f ic  shapes  of i n t e r a c t i o n  poten t ia l :  

1) a Woods- -Saxon  po ten t i a l  

g.V (r) : - -  V 0. [1 --  exp ((r - -  r~)/a)] -1 for 0 ~ r ~ c ~ ,  g =  I; 

2) a Gauss  p o t e n t i a l  

g . V ( r )  . . . .  V o . e x p ( - - r Z / r o )  for 0<r<~oo, g :  1. 

F o r  these  po ten t i a l s  F ig .  1 shows the r e s u l t s  of ca l cu la t ions  for  va r i ous  va lues  of t l (p, p ,  k2; g), u s ing  the 
Pade method and Eq.  (7). The v a r i a b l e  p '  in  these  computa t ions  was va r i ed  in  the range  f r o m  0 to 4.6 m -1 
and p = k m -1. It fol lows f r o m  the c a l c u l a t i o n s  that  fo r  p < 4 m -1 the cubic  a p p r o x i m a t i o n  in  the Pade  method 
al lows us to ca l cu la t e  to an a c c u r a c y  of 10 -4. F o r  p > 4 m -1 the l i n e a r  app rox ima t ion  g ives  an a c c u r a c y  of 

! 2 10 -4. The r e s u l t s  of ca l cu l a t i ons  of t l (p, p ' ,  k2; g) fo r  a l l  va lues  of p, p , k and  the chosen  po t en t i a l s  did not 
give an a c c u r a c y  of 10 -4 up to the four th  a p p r o x i m a t i o n ,  us ing  the method  of s u c c e s s i v e  a p p r o x i m a t i o n s .  

T h e r e f o r e ,  by ca l cu l a t i ng  the s e r i e s  (7) u s i ng  the Pade method ,  we can  obta in  a so lu t ion  of the equat ion 
for  the p robab i l i t y  of s c a t t e r i n g  of a p a r t i c l e  at the above po ten t i a l s  in  the f o r m  of a rap id ly  conve rgen t  s e r i e s .  
We note that  t e r m s  of a s e r i e s  r e p r e s e n t i n g  the so lu t ion  of Eq. (4) in the Pade method  can  be g iven  a phys i ca l  
i n t e r p r e t a t i o n ,  s i nce  they a r e  made  up of t e r m s  of the s e r i e s  (7) o r  ampl i tudes  of the n - fo ld  s c a t t e r i n g .  

N O T A T I O N  

p, p ~ , w a v e v e c t o r s ; k  2, s y s t e m  e n e r g y ;  e, a s m a l l  p a r a m e t e r ;  i = ~'--1;  r ,  r ad iu s  ve c t o r ;  ~1, wave vec -  
t o r  space ;  ~22, r ad ius  v e c t o r  space ;  V0, depth of po ten t i a l ;  a ,  s m e a r i n g  p a r a m e t e r ;  r0, r a d i u s  of the po ten t i a l  
wel l .  
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We obtain fo rmulas  for  de te rmin ing  the pr inc ipa l  values  of the the rmal -conduc t iv i ty  and 
e lec t r i ca l -conduc t iv i ty  t enso r s  of m a t e r i a l s  obtained by the p r e s s i n g  of a powder  consis t ing 
of anisot ropic  g ra ins .  

P r e s e n t - d a y  industry  makes  extensive use  of a number  of m a t e r i a l s  obtained by p r e s s ing  of a powder 
consis t ing of anisot ropic  pa r t i c l e s .  Thus ,  for  example ,  the branches  of t he rmoe lemen t s  used in r e f r i g e r a -  
t o r s  and g e n e r a t o r s  a r e  obtained by p re s s ing  pulver ized  t e r n a r y  al loys with a Bi2Te 3 base  [1] which have 
s t rong anisot ropy in the or ig inal  (s ingle-crys ta l )  s ta te .  

Even though the powder  is i so t ropic  before  p r e s s ing ,  a f t e r  the p re s s ing  it d isplays  anisot ropic  p r o p e r t i e s ,  
although to a l e s s e r  degree  than in a single c ry s t a l .  These  phenomena were  mentioned in [2-4]. The authors  
of those studies a t t r ibuted the phenomenon to the p r e s e n c e  of m i c r o c r a c k s .  

However ,  an explanation of the anisot ropy phenomenon on the bas i s  of m i c r o c r a c k s  alone is unjustified. 
In [5] it  was shown that  the anisot ropy in t h e r m a l  conductivity and e l ec t r i ca l  conductivity that may a r i s e  as a 
r e su l t  of poros i ty  in the p re s s ing  p roce s s  is much lower than the obse rved  value,  and, consequently,  c r acks  
alone cannot explain the anisot ropy.  It should a lso  be noted that  in [2], although the anisot ropy was at t r ibuted 
to the p r e s e n c e  of m i c r o c r a c k s ,  it was s ta ted outr ight  that  no m i c r o c r a c k s  were  obse rved .  In [4] it is noted 
that spec imens  made of p r e s s e d  m a t e r i a l  have a "visible t ex tu re ,  " indicating the p r e s e n c e  of a ce r ta in  degree  
of d i so rde r  in the d i spe r sed  pa r t i c l e s  which r e su l t s  f rom p res s ing .  

We shal l  show below that the anisot ropy of p r e s s e d  spec imens  can be comple te ly  explained by the appea r -  
ance of a degree  of d i s o rde r  in the or ienta t ion of the d i spe r sed  pa r t i c l e s  with r e spec t  to the d i rec t ion of p r e s s -  
ing. 

Fo r  this purpose ,  we shal l  der ive  re la t ions  for  the effective t h e r m a l  conductivity n e f  f and the effect ive 
e lec t r i ca l  conductivity %ff  of a d i spe r sed  m a t e r i a l  consis t ing of anisot ropic  pa r t i c l e s .  

We shall  solve the p rob lem for  the following assumpt ions .  

1. In der iv ing the re la t ion,  we shal l  s t a r t  f r o m  the fundamental  assumpt ion  that a d i spersed  medium is 
a s y s t e m  of chaot ical ly  a r r anged  anisot ropic  pa r t i c l e s  whose or ienta t ion is cha r ac t e r i z ed  by a different ial  d is -  
t r ibut ion function with r e spec t  to some  direct ion.  

2. At d is tances  much g r e a t e r  than the dimensions  of the individual gra ins  the d i spe r sed  medium is spa-  
t ia l ly  homogeneous.  

,,. 
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